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Chapter 17

Polynomials 3: Powers of x0 + h

While it is easyto compute with powers of a counting-numerator, it is a lot
more di!cult to compute with powers of a decimal-numerator.
EXAMPLE 1. While it is easyto Þndthat:

5 ¥ 34 = 405

it is a lot more di!c ult to Þndthat

4 ¥ 3.144 = 388.84684864

But the main issueis that the result of a repeated-multiplication with a
base that is a decimal numerator will usually involve a lot more decimals
than are in the baseand than we really want so that a lot of the work is
wasted.
EXAMPLE 2. In

4 ¥ 3.144 = 388.84684864

the base, 3.14, hasonly two decimalsbut the result, 388.84684864, most probablyhas
a lot more decimals than we want.

In this chapter we will investigate a procedure that will allow us to
get only the number of decimals we want. It is based on the fact that
any decimal numerator is always near a counting numerator in the sense
that any decimal numerator is equal to a counting-numerator plus a small
numerator
EXAMPLE 3. 3.14 is near 3 because3.14 = 3 + 0.14 and 0.14 is small

Wewill thus investigatethe powersof the binomial x0+ h. Wewill begin
by investigating the casein which the repeated multiplication involves two
copiesof the binomial and then thecasein which the repeatedmultiplic ation
involves three copiesof the binomial. Then we will develop a procedurefor
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the casesin which the repeated multiplication involvesat least three copies
of the binomial.

17.1 The Second Power: (x0 + h)2

1. In this case,the repeated-multiplication procedure is simple enough.
In order to compute the secondpower of x0 + h, we write, keepingin mind
that we want the monomials to appear in order of diminishing sizesand
sincex0 and h both stand for signed numerators:

x0 ! h
x0 ! h

x0h ! h2

x2
0 ! x0h

x2
0 ! 2x0h ! h2

a. We begin by looking at what happens in arithmetic which is
that the multiplication procedure essentially keepstrack and respects the
sizesÑbut, becauseof carryovers, only roughly so.
EXAMPLE 4. In order to compute 3.22, we actually compute (3 + 0.2)2 and writeÑ
since we are dealing with plain numerators:

3 + 0.2
3 + 0.2

3 ¥ 0.2 + 0.22

32 + 3 ¥ 0.2

32 + 2 ¥ 3 ¥ 0.2 + 0.22

that is
3 + 0.2
3 + 0.2

0.6 + 0.04
9 + 0.6

9 + 1.2 + 0.04
The multiplication procedurekept roughly track of the sizes except for what the carry-
over caused:

¥ All the way to the left are the ÒonesÓ
¥ In the middle are the ÒtenthsÓ
¥ All the way to the right are the ÒhundredthsÓ

so that if we want:
¥ No decimal, we write

3.22 = 10+ (...)
¥ One decimal, we write

3.22 = 10.2 + (...)
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¥ Two decimals, we write
3.22 = 10.24

where + (...) is there to remind us that we are ignoring something too Òinthe tenthsÓ
to matter here.

EXAMPLE 5. In order to compute 2.82, we observe that 2.8 is nearer 3 than 2 so
that we actually compute (3 ! " 0.2)2 and writeÑsince we are now dealing with signed
numerators:

+3 ! " 0.2
+3 ! " 0.2

+3 ¥ " 0.2 ! (" 0.2)2

(+3) 2 ! +3 ¥ " 0.2

(+3) 2 ! 2 ¥ +3 ¥ " 0.2 ! (" 0.2)2

that is
+3 ! " 0.2
+3 ! " 0.2

" 0.6 ! +0 .04
+9 ! " 0.6

+9 ! " 1.2 ! +0 .04
The multiplication procedurekept roughly track of the sizes except for what the carry-
over caused:

¥ All the way to the left are the ÒonesÓ
¥ In the middle are the ÒtenthsÓ
¥ All the way to the right are the ÒhundredthsÓ

so that if we want:
¥ No decimal, we write

2.82 = 8 + (...)
¥ One decimal, we write

2.82 = 7.8 + (...)
¥ Two decimals, we write

2.82 = 7.84
where + (...) is there to remind usthat we are ignoring something, positiveor negative,
too Òinthe tenthsÓto matter here.

b. In algebra, a very frequent caseis when we want a template for
the power of any decimal-numerator in the neighborhood of a given x0.
In other words, we do not want yet to commit ourselves to how far the
decimal-numerator is from the given x0 and we use h to represent how far
the decimal-numerator is from the given x0.
Of course,when, ultimately , we replaceh by someÒinthe tenthsÓnumber,
there remains the possibili ty that a carryover will messup the result a little
bit. This though is something that we will not deal with here. (But seethe
Epilogue.)
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EXAMPLE 6. In order to get a templatefor the secondpower of anydecimal-numerator
near 3, both above3 and below 3, we write:

3 ! h
3 ! h

3h ! h2

32 ! 3h

32 ! 2 ¥ 3h ! h2

2. Another, much more fruitful to get the above template is to go back
to the deÞnition of multiplication in terms of the area of a rectangle so that
(x0 + h)2 is the area of a x0 + h by x0 + h square:

(x0+h)
2

x0+h

x0+h

What we then do is to enlarge the sidesof a x0 by x0 squareby h but, for
the sake of clarit y, we will construct the enlargedsquareone step at a time:

i. We start with x2
0 as the area of a squarewith side x0:

x0

x0 x0
2

ii. We now enlarge the sidesof the square by h in each dimension which
adds two x0 + h by h rectangles:
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x0

x0 x0
2

h

h

x0h

x0h

iii. We complete the enlargedsquareby adding one h by h square:
x0

x0 x0
2

h

h

h
2x0h

x0h

EXAMPLE 7. In order to get a template to get the second power of any decimal-
numerator near 3, both above3 and below 3, we visualizethe abovepicture and see in
our mind that we need the area of:
i. the original square: 32

ii. the two rectangular strips: 2 ¥ 3 ¥ h
iii. the little square: h2

so that we havethe template:
(3 ! h)2 = 32 ! 2 ¥ 3 ¥ h ! h2

This secondapproach has three major advantagesover the Þrst one:
i. The terms in the sum are clearly in order of diminishing size: Since x0

is Òinthe onesÓand h is Òinthe tenthsÓ,
¥ both dimensionsof the Òinitial squareÓare Òinthe onesÓso that x2

0 is Òin
the onesÓ,

¥ one dimension of the rectanglesis Òinthe onesÓbut the other dimension
is Òinthe tenthsÓso that 2x0h is Òinthe tenthsÓ,

¥ both dimensionsof the Òlittle squareÓare Òin the tenthsÓso that h2 is
Òinthe hundredthsÓ.

ii. When we will need formulas for (x0 + h)3, (x0 + h)4, etc, not only will
repeated multiplication get out of hand but, as we shall see,we will never
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needmore than the Þrst few monomials in the result.
iii. If all we needis a particular monomial in the result, which is often the
case,we can get it from the picture without having to do the whole repeated
multiplication.

EXAMPLE 8. If, for whatever reason,weneed the h monomial in (3! h)2, wevisualize
the two rectangular strips and we write:

2 ¥ 3 ¥ h

THEOREM 9 (A ddition Form ula for Quadratics).

(x0 + h)2 = x2
0 + 2x0h + h2

17.2 The Thi rd Power: (x0 + h)3

For the sake of brevity we omit the investigation of what happens in arith-
metic.

1. The repeated-multi plication procedure already begins to be painful:
First we must multiply two copiesof x0 + h:

x0 + h
x0 + h

x0h + h2

x2
0 + x0h

x2
0 + 2x0h + h2

Then, we must multiply x2
0 + 2x0h + h2 by the third copy of x0 + h

x2
0 + 2x0h + h2

x0 + h

x2
0h + 2x0h2 + h3

x3
0 + 2x2

0h + x0h2

x3
0 + 3x2

0h + 3x0h2 + h3

2. Another, much more fruitful approach to the additi on formula is to
go back to the deÞnition of multiplic ation in terms of the area/volume of a
rectangle so that (x0 + h)3 is the volume of a x0 + h by x0 + h by x0 + h
cube:
What we then do is to enlargethe three sidesof a x0 by x0 cube by h but,
for the sake of clarit y, we will construct the enlarged cube one step at a
time:

i. We draw the initial cube with volume x3
0:
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x0

x0

x0

ii. We draw the three slabswith volume 3x2
0h:

x0

x0

x0

x0

h

h

h

x0

x0

iii. We glue the three slabswith volume 3x2
0h onto what we already glued:

iv. We draw the three rods with volume 3x0h2:

h

x0

h

h

x0

x0

h

h

h
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v. We glue the three rods with volume 3x0h2 onto what we already glued:

vi. We draw the little Þnishing cube with volume h3:

h
h

hh

We glue the little Þnishingcube with volume h3 onto what we already glued:

x0+h

x0+h

x0+h

This approach has three major advantagesover the repeated-multiplication:
i. The terms in the sum are in order of diminishing size. Since x0 is Òin
the onesÓand h is Òinthe tenthsÓ,
¥ all threedimensionsof the Òinitial cubeÓare Òinthe onesÓso that x3

0 is
Òinthe onesÓ,

¥ two dimensionsof the ÒslabsÓare Òinthe onesÓbut the third dimension
is Òin the tenthsÓso that, if h is Òin the tenthsÓ, then 3x2

0h is Òin the
tenthsÓ,

¥ one dimensions of the ÒsquarerodsÓis Òin the onesÓso that, if h is Òin
the tenthsÓ,then 3x0h2 is Òinthe hundredthsÓ.

¥ all threedimensionsof the Òlittle cubeÓare Òinthe tenthsÓso that, if h
is Òinthe tenthsÓ,then x0h3 is Òinthe thousandthsÓ.
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patternii. If all weneedis a particular oneof the terms, which will often bethe case,
we can get it from the picture without having to do the whole multiplicati on.
iii. Later on, when we shall need formulas for (x0 + h)4, etc, not only will
repeated multiplication get out of hand but, as we shall see,we will never
needmore than the Þrst few monomials of the result.
THEOREM 10 (ADDITION FORMULA for CUBICS).

(x0 + h)3 = x3
0 + 3x2

0h + 3x0h2 + h3

17.3 Hi gher Powers: (x0 + h)n when n > 3

Here of course:
¥ Repeated-multiplication is of coursegoing to be ever more painful
¥ We cannot make pictures becausewe would need to be able to draw in

more than 3 dimensions.
So, we needto Þnd a procedure.

1. We begin by looking for a pattern in what we have so far. In order
to seebetter what we are doing, we will not let anything go without saying.
a. When the exponent is 3, we had:

(x0 + h)3 = x3
0 + 3x2

0h + 3x0h2 + h3

= x3
0h0 + 3x2

0h1 + 3x1
0h2 + x0

0h3

= x0 ¥ x0 ¥ x0 & 3 ¥ x0 ¥ x0 ¥ h & 3 ¥ x0h ¥ h & h ¥ h ¥ h

= 1 ¥ x0 ¥ x0 ¥ x0 & 3 ¥ x0 ¥ x0 ¥ h & 3 ¥ x0h ¥ h & 1 ¥ h ¥ h ¥ h

Looking at the factors and the coe!cients separately, we get the following:
¥ The factors are

x0 ¥ x0 ¥ x0 x0 ¥ x0 ¥ h x0 ¥ h ¥ h h ¥ h ¥ h
In other words, starting with 3 copiesof x0

x0 ¥ x0 ¥ x0

we get the others by replacing oneby one the copiesof x0 by copiesof h.
¥ The coe!cients are

1 3 3 1
Here we cannot seethe pattern,

b. When the exponent is 2, we have

(x0 + h)2 = x2
0 + 2x0h + h2

= x2
0h0 + 2x1

0h1 + x0
0h2

= x0 ¥ x0 & 2 ¥ x0 ¥ h & h ¥ h
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= 1 ¥ x0 ¥ x0 & 2 ¥ x0 ¥ h & 1 ¥ h ¥ h

Looking at the factors and the coe!cients separately, we get the following:
¥ The factors are

x0 ¥ x0 x0 ¥ h h ¥ h
In other words, starting with

x0 ¥ x0

we get the others by replacing oneby one the copiesof x0 by copiesof h.
¥ The coe!cients are

1 2 1
Here again we cannot seethe pattern.

c. When the exponent is 1, we have

(x0 + h)1 = x0 + h

= x1
0 + h1

= x1
0h0 + x0

0h1

= x0 & h

= 1 ¥ x0 & 1 ¥ h

Looking at the factors and the coe!cients separately, we get the following:
¥ The factors are

x0 h
In other words, starting with

x0

we get the others by replacing the one copy of x0 by a copy of h.
¥ The coe!cients are

1 1
Here we cannot seethe pattern,
2. Putting everything together, though,

¥ The procedurefor Þnding the powers seemsto be in all cases:
i. Make as many copiesof x0 as what the exponent n in (x0 + h)n

indicates
ii. Make as many copiesplus 1 of what the exponent n in (x0 + h)n

indicates
iii. Starting with the secondcopy, replace one by one the copiesof

x0 by copiesof h
¥ In order to seea pattern for the coe!cients , we write them starting with

exponent 1 and ending with exponent 3:
1 1

1 2 1
1 3 3 1
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PASCAL TRIANGLE
parent-entries

The way things are arranged,we seethat we get each entry in what is called
the PASCAL TRIANGLE by adding its two paren t-en tries that is the
two entries just above it.
Thus, the next line in the PASCAL TRIANGLE would be:

1 4 6 4 1
3. Proving that all this is indeedthe casewould involve more work than

we are willing to do here and so we will take the following for granted:

THEOREM 11 (BINOMIAL THEOREM). The addition formula for
a binomial of degree n is:

(x0 + h)n = xn0h0 +
n
1

xn−1
0 h+1 +

n(n " 1)
1 á2

xn−2
0 h+2

+
n(n " 1)(n " 2)

1 á2 á3
xn−3

0 h+3

+ . . .

+
n(n " 1)(n " 2) ááá(1)

1 á2 á3ááán
x0

0hn

4. According to the BINOMIAL THEOREM ,

(x0 + h)0 = x0
0h0

= 1

which is of courseasit shouldbe. Moreover, sincethe coe!cien t 1 goeswith-
out saying, this meansthat the very Þrst line in the PASCAL TRIANGLE
is 1 so that the ÒcompleteÓPASCAL TRIANGLE is:

n := 0 1
n := 1 1 1
n := 2 1 2 1
n := 3 1 3 3 1
n := 4 1 4 6 4 1
n := 5 1 5 10 10 5 1
n := 6 1 6 15 20 15 6 1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

¥ The numerators in the second slanted row (bold-faced) are the coe!-
cients of the h+1 powers which shows that the coe!cie nt of the h+1

power in xn0 is n.
¥ We check that the third slanted row are the coe!cien ts of the h+2 powers

which shows that the coe!cien t of the h+2 power in xn0 is
n(n " 1)

2
.
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constant approximation
a!ne approximation
quadratic approximation

¥ Etc

17.4 Appro xi mati ons

Fortunately, most of the time we only need the very Þrst few terms of the
addition formulas.

1. Very often, we will need only the constan t appro ximation of (x0 +
h)n which is just xn0 . Indeed, very often h will be small enoughthat we will
not needto considerany of the monomials that involve it and we will write:

(x0 + h)n = xn0 + (...)
EXAMPLE 9. The constant approximation of 16.0727 is 167 and we write

16.0727 = 167 + (...)
More generally, the constant approximation of (16 + h)7 is 167 and we write

(16 + h)7 = 167 + (...)
2. When the constant approximation is too crude, we will often usethe

a!ne appro ximation of (x0 + h)n which is xn0 + nx0h. Indeed, while h
may not be small enoughnot to matter, the other powers, h2, h3 etc being
smaller than h can often still be ignored and we will then write

(x0 + h)n = xn0 + nxn−1
0 h + (...)

EXAMPLE 10. The a!ne approximation of 16.0727 is 167 + 7 á166 á0.072 and we
write

16.0727 = 167 + 7 á166 á0.072+ (...)
More generally, the a!ne approximation of (16 + h)7 is 167 + 7 á166 áh + (...) and we
write

(16 + h)7 = 167 + 7 á166 áh + (...)
3. And Þnally we will also usethe quadratic appro ximation of (x0 +

h)n which is xn0 + nx0h + n(n−1)
2 x0h2 when we will needmore precision that

the a!ne approximation will be able to give us and we will then write
(x0 + h)n = xn0 + nx0h + n(n−1)

2 x0h2 + (...)

EXAMPLE 11. The quadraticapproximation of 16.0727 is 167 + 7á166 á0.072+ 21á
166 á0.0722 and we write

16.0727 = 167 + 7 á166 á0.072+ 21á166 á0.0722 + (...)
More generally, the quadraticapproximation of (16+ h)7 is 167 + 7á166 áh+ 21á166 áh2

and we write
(16 + h)7 = 167 + 7 á166 áh + 21á166 áh2 + (...)


