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Chapter 17

Polynomials 3: Powers of xg+ h

While it is easyto compute with powers of a counting-numerator, it is a lot
more dilcult to compute with powers of a decimal-numerator.
EXAMPLE 1. Whileit is easyto bndthat:

5¥3* = 405
it is a lot more dilc ult to Pndthat

4¥3.14" = 38884684864

But the main issueis that the result of a repeated-multiplication with a
base that is a decimal numerator will usually involve a lot more decimals
than are in the baseand than we really want so that a lot of the work is
wasted.

EXAMPLE 2. In

4¥3.14* = 38884684864

the base 3.14, hasonly two decimals but the result, 38884684864 most probably has
a lot more decimals than we want.

In this chapter we will investigate a procedure that will allow us to
get only the number of decimals we want. It is basedon the fad that
any decimal numerator is always near a counting numerator in the sense
that any decimal numerator is equal to a counting-numerator plus a small
numerator
EXAMPLE 3. 3.14isnear 3 because3.14= 3+ 0.14 and 0.14 is small

Wewill thusinvestigatethe powers of the binomial xg+ h. Wewill begin
by investigating the casein which the repeated multiplication involvestwo
copiesof the binomial and then th e casein which the repeatedmultiplic ation
involvesthree copiesof the binomial. Then we will develop a procedurefor

197



198 CHAPTER 17. POLYNOMIALS 3: POWERS OF X, +H

the casesin which the repeated multiplication involvesat least three copies
of the binomial.

17.1 The Second Power: (Xxq+ h)?

1. In this case,the repeated-multiplication procedure is simple enough.
In order to compute the secondpower of xo + h, we write, keepingin mind
that we want the monomials to appear in order of diminishing sizesand
sincexp and h both stand for signed numerators:

X0 ! h
Xo ! h
Xoh ! h?2
x5 ! xoh
x3 | 2xoh ! h?

a. We begin by looking at what happens in arithmetic  which is
that the multiplication procedure essetially keepstrack and respects the
sizesNbut, becauseof carryovers, only roughly so.

EXAMPLE 4. In order to compute 3.22, we adually compute (3 + 0.2)2 and writeN
sinee we are dealing with plain numerators:

3 + 02

3 + 02

3¥0.2 + 022
32 o+ 3¥0.2

3?2 + 2¥3¥02 + 022
that is
3 + 02
3 + 02
06 + 004

9 + 06

9 + 12 + 004

The multiplication procedure kept roughlytrack of the sizes except for what the carry-
ove causel:

¥ All the way to the left are the OoneO

¥ In the middle are the OtethsO

¥ All the way to the right are the OhundrdthsO
sothat if we want:

¥ No decimal, we write

3.22 =10+ (...)
¥ Onedecimal, we write
3.22 =102+ (..)
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¥ Two decimals, we write
3.22= 1024
where + (...) is there to remind usthat we are ignaring something too Ointhe tenthsO
to matter here.

EXAMPLE 5. In order to compute 2.8%, we obseve that 2.8 is nearer 3 than 2 so
that we actually compute (3! " 0.2)2 and writeNsince we are now dealing with signel
numerators:

+3 I 02
+3 I 02
+3¥"02 ! ("02)?
(+3)2 ! +3 ¥" 0.2
(+3)2 | 2¥+3¥"02 | ("0.2)7?
that is
+3 1 "02
+3 1 02
"06 ! +0.04
+9 1 "06
+9 1 "12 | +0.04

The multiplication procedure kept roughlytradk of the sizes except for what the carry-
ove causel:

¥ All the way to the left are the OongO

¥ In the middle are the OtanthsO

¥ All the way to the right are the OhundrdthsO
sothat if we want:

¥ No decimal, we write

2.8 =8+ (...
¥ Onedecimal, we write
2.82= 78+ (..)
¥ Two decimals, we write
2.82=7.84

whee + (...) isthere to remind usthat we are ignaring sonething, positiveor negative,
too Ointhe tenthsOto matter here.

b. In algebra, a very frequent caseis when we want a template for

the power of any dedmal-numerator in the neighborhood of a given Xo.
In other words, we do not want yet to commit ourselvesto how far the
decimal-numerator is from the given xo and we use h to represert how far
the decimal-numerator is from the given Xo.
Of course,when, ultimately, we replaceh by someOinthe tenthsOnumber,
there remainsthe possbility that a carryover will messup the result a little
bit. This though is somethingthat we will not deal with here. (But seethe
Epilogue.)
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EXAMPLE 6. Inorderto get atemplatefor the second power of anydecimal-numerator
near 3, both above 3 and below 3, we write:

3 ! h
3 ! h
3h I h?
P 3h
3 1 2¥3h ! h?

2. Another, much more fruitful to get the above template is to go badk
to the debnition of multiplication in terms of the area of a rectangle sothat
(xo + h)? is the areaof a xo + h by xo + h squae:

xgth (xgth)?

What we then do is to enlargethe sidesof a xg by X¢ squareby h but, for
the sake of clarity, we will construct the enlargedsquareone step at a time:

i. We start with x3 asthe areaof a squarewith side Xo:

X0

4 —>

ii. We now enlarge the sidesof the squareby h in eadh dimension which
addstwo xo + h by h rectangles:
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h
<X.;><—>
2
X0 X0 xoh
iii. We complete the enlarged squareby adding one h by h square:
X0 h
-« rar
X0 x02 Xoh
ht Xoh h?

EXAMPLE 7. In order to ge a template to get the second power of any decimal-

numerator near 3, both above 3 and below 3, we visualizethe above picture and see in

our mind that we need the area of:

i. the original squae: 3?

ii. the two rectangula strips: 2¥3¥h

ii. the little squae: h?

sothat we havethe template:

(3! h)2= 321 2¥3¥h! h?

This secondapproad has three major advantagesover the prst one:

i. The terms in the sum are clearly in order of diminishing size Since Xg

is Ointhe onesCand h is Ointhe tenthsO,

¥ both dimensionsof the Oinitial squareCare Ointhe onesGo that x3 is Oin
the onesO,

¥ onedimension of the rectanglesis Ointhe onesCbut the other dimension
is Ointhe tenthsOsothat 2xgh is Ointhe tenthsO,

¥ both dimensionsof the Olittle squareGare Ointhe tenthsOso that h? is
Ointhe hundredthsO

ii. When we will needformulas for (xo + h)3, (xo + h)%, etc, not only will

repeated multiplication get out of hand but, as we shall see,we will never
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needmore than the brst few monomialsin the result.

ii. If all we needis a particular monomial in the result, which is often the
case,we cangetit from the picture without having to do the whole repeated
multiplication.

EXAMPLE 8. If, for whatever reason,we need the h monomialin (3! h)?, we visualize
the two rectangula strips and we write:
2¥3¥h

THEOREM 9 (Addition Formula for Quadratics).

(xo+ h)? = x3+ 2xoh + h?

17.2 The Third Power: (Xo+ h)3

For the sake of brevity we omit the investigation of what happensin arith-
metic.

1. The repeated-rrulti plication procedure already beginsto be painful:
First we must multiply two copiesof xg + h:
Xo + h
Xo + h
Xoh + h?2
X5 + Xoh

x5 + 2xoh + h?
Then, we must multiply x3+ 2xoh + h? by the third copy of xo + h
x5 + 2xh + h?
Xo + h
x3h + 2xoh? + h3
x3 + 2x3h + xgh?
x3 + 3x3h + 3xph? + nd
2. Another, much more fruitful approac to the additi on formula is to
go back to the debnition of multiplic ation in terms of the area/volume of a

rectangle so that (xo + h)2 is the volume of a xo + h by xo + h by xo + h
cube:

What we then do is to enlargethe three sidesof a xg by Xg cube by h but,
for the sake of clarity, we will construct the enlarged cube one step at a
time:

i. We draw the initial cube with volume x§:




17.2. THE THIRD POWER: (Xo+ H)3 203

iii. We glue the three slabswith volume 3x3h onto what we already glued:

iv. We draw the three rods with volume 3xgh?:
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v. We glue the three rods with volume 3xoh? onto what we already glued:

y

P

vi. We draw the little Pnishing cube with volume h3:

i

Xoth

This approach hasthree major advantagesover the repeated-multiplication:

i. The terms in the sum are in order of diminishing size Since xq is Oin

the onesCand h is Ointhe tenthsO,

¥ all threedimensionsof the Oinitial cubeOare Ointhe onesGso that x3 is
Ointhe onesO,

¥ two dimensionsof the Oslabs@re Ointhe onesCbut the third dimension
is Ointhe tenthsOso that, if h is Ointhe tenthsO,then 3x3h is Ointhe
tenthsO,

¥ one dimensions of the OsquarerodsOis Ointhe onesGso that, if h is Oin
the tenthsO,then 3xgh? is Ointhe hundredthsO

¥ all threedimensionsof the Olittle cubeOare Ointhe tenthsOso that, if h
is Ointhe tenthsO,then xgh? is Ointhe thousandthsO
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ii. If all weneedis a particular oneof the terms, which will often bethe case, Pattern
we cangetit from the picture without having to do the whole multiplicati on.

iii. Later on, when we shall nead formulas for (xq + h)4, etc, not only will
repeated multiplication get out of hand but, as we shall see,we will never
needmore than the brst few monomials of the result.

THEOREM 10 (ADDITION  FORMULA for CUBICS).

(xo+ h)® = x3+ 3x3h + 3xoh?+ h®

17.3 Higher Powers: (xo+ h)" when n> 3

Here of course:
¥ Repeated-rrultiplication is of coursegoing to be ever more painful
¥ We cannot make pictures becausewe would needto be able to draw in
more than 3 dimensions.
So, we needto bnd a procedure.
1. We begin by looking for a pattern in what we have sofar. In order
to seebetter what we are doing, we will not let anything go without saying.
a. When the exponert is 3, we had:

(xo+ h)® = x3+ 3x3h + 3xoh?+ h®

x3h? + 3x3h! + 3x}h? + xJn3

X0¥X0¥Xo & 3¥X0¥Xo¥h & 3¥xph¥h & h¥h¥h
1¥X0¥Xo¥Xo & 3¥Xo¥Xo¥h & 3¥Xoh¥h & 1¥h¥h¥h

Looking at the factors and the coelcients separately we get the following:
¥ The factors are
X0 ¥ Xg ¥ Xg X0¥X0¥h X0¥h¥h h¥h¥h
In other words, starting with 3 copiesof xg
X0 ¥ X0 ¥Xg

we get the others by replacing one by onethe copiesof xg by copiesof h.

¥ The coelcients are
1 3 3 1

Here we cannot seethe pattern,

b. When the exponert is 2, we have

(xo+ h)2 = x3+ 2xoh + h?
x3h0 + 2x3ht + x§h?
X0 ¥Xo & 2¥Xo¥h & h¥h
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= 1¥X0¥Xo & 2¥X0¥h & 1¥h¥h

Looking at the factors and the coelcients separately we get the following:
¥ The factors are
X0 ¥ Xo Xo ¥ h h¥h
In other words, starting with
X0 ¥ Xo

we get the others by replacing one by onethe copiesof xg by copiesof h.

¥ The coelcients are
1 2 1

Here again we cannot seethe pattern.

c. When the exponent is 1, we have

(xo+ h)!=x0+ h

x5+ ht
x5h0 + xJht
Xo & h

= 1¥Xo & 1¥h

Looking at the factors and the coelcients separately we get the following:
¥ The factors are

Xo h
In other words, starting with
X0
we get the others by replacing the one copy of x¢ by a copy of h.
¥ The coelcients are
1 1
Here we cannot seethe pattern,
2. Putting ewerything together, though,
¥ The procedurefor bnding the powers seemsto be in all cases:
i. Make as many copiesof xg as what the exponert n in (xo + h)"
indicates
ii. Make as many copiesplus 1 of what the exponert n in (xg + h)"
indicates
iii. Starting with the secondcopy, replace one by one the copies of
Xo by copiesof h
¥ In order to seea pattern for the coelcients , we write them starting with

exponert 1 and ending with exponent 3:
1 1
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The way things are arranged, we seethat we get ead entry in what is called PASCAL TRIANGLE
the PASCAL TRIANGLE by adding its two paren t-en tries that is the Parent-entries
two ertries just above it.
Thus, the next line in the PASCAL TRIANGLE would be:
1 4 6 4 1
3. Proving that all this is indeedthe casewould involve more work than
we are willing to do here and sowe will take the following for granted:

THEOREM 11 (BINOMIAL THEOREM). The addition formula for
a binomial of degree n is:

n n n_,_ nin" 1) ,_
(X0+ h) — X0h0+ EXO 1h+1 + ﬁxo 2h+2
N nin" 1)(n" 2)

n—3p+3
h
1243 0

LN D" 2)841) o,
2o 2 Z47 0
1a2 a3aaan
4. According to the BINOMIAL THEOREM ,
(xo+ h)? = x3n°
=1

which is of courseasit shouldbe. Moreover, sincethe coelcien t 1 goeswith-
out saying, this meansthat the very prst line in the PASCAL TRIANGLE
is 1 sothat the Ocomplete@PASCAL TRIANGLE is:

n=~0 1

n=1 1 1

n:=2 1 2 1

n:=3 1 3 3 1

n:=4 1 4 6 4 1

n=>5 1 5 10 10 5 1
n:==~6 1 6 15 20 15 6 1

¥ The numerators in the second slanted row (bold-faced) are the coe!-
cierts of the h*' powers which shows that the coe!cie nt of the h*!
power in xg is n.

¥ Weched that the third slanted row are the coelcien ts of the(h+2 pc))wers

nn" 1

which shows that the coelcien t of the h*? power in x§ is 5
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¥ Etc

17.4 Appro ximations

Fortunately, most of the time we only needthe very brst few terms of the
addition formulas.

1. Very often, we will need only the constan t appro ximation of (xo+
h)™ which is just xg. Indeed, very often h will be small enoughthat we will
not needto considerany of the monomialsthat involve it and we will write:

(xo+ )" = X5 + (...)
EXAMPLE 9. The constantapproximation of 16.072 is 16" and we write
16.077 = 16" + (...)
More generally, the constant approximation of (16 + h)’ is 16" and we write
(16+ h)" = 16" + (...)

2. When the constant approximation is too crude, we will often usethe
alne appro ximation of (xo + h)™ which is xg + nxgh. Indeed, while h
may not be small enoughnot to matter, the other powers, h?, h3 etc being
smaller than h can often still be ignored and we will then write

(Xo+ h)» = x§ + nxg~th + (...)
EXAMPLE 10. The alne appoximation of 16.072" is 16’ + 7 416° 40.072 and we
write

16.072 = 16" + 7416° 40.072+ (...)

More generally, the alne approximation of (16+ h)’ is 16’ + 7416° &h + (...) andwe
write

(16+ h)" = 16’ + 7a16° ah + (...)

3. And Pnally we will alsousethe quadratic appro ximation of (xo+
h)™ which is xg + nxgh + %xoh2 when we will needmore precision that
the alne approximation will be able to give us and we will then write

(xo+ h)™ = x5 + nxoh + 2 Myoh2 + ()
EXAMPLE 11. The quadraticapproximation of 16.072 is 16" + 7 416° 40.072+ 214
16° 40.072 and we write
16.072" = 16" + 7 416° 40.072+ 21416° 40.072 + (...)
More generally, the quadraticapproximation of (16+ h)” is 16" + 7416° &h + 21416° &?
and we write
(16+ h)” = 16" + 7416° ah + 21416° &h? + (...)



