MAaTH 161 REVIEW II Discussions

Copyright ©2009 by A. Schremmer under a GNU Free Documentation License.
[ Run: 08/26/2010 at 10:10. Seed: 576. Order of Checkable Items: List.]

II-1. Given the affine function HERB such that HERB(—1) = +5 and
HERB(+3) = +15

Height HERB |_; = +5
AND
Height HERB | 3 = +15

find Slope HERB, that is the slope of the global graph that speficifies
HERB.

Discussion: Since we are being asked about the slope of a function this
is a GLOBAL question.

In fact, that the function f is given to be affine is absolutely crucial
because only for affine functions does the graph have a constant slope.

a. When we go from input —1 to input +3, we run +4

b. When we go from the corresponding output +5 to the corre-
sponding output 415, we rise +10.

c. The slope is therefore j_—f = +%

Drawing a sketch helps ensuring that we count run and rise "the same
way", that is from the same starting plot point to the same ending plot
point.
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I1-2. Given that the function DON A is affine and given the boundary value
conditions:



[ DONAG)], = -1
DONA()|,. _,=+2

T——2 T

find the global input-output rule that specifies DON A

Discussion: Since we are being asked for the global input-output rule
that specifies DON A, this is a global question which we will try to answer
using the given information.

a. Since DON A is given to be an affine function, the global input-output
rule of DON A is of the form:

boNAa DONA(z) =azx+b

b. We use the information we have about the two inputs:

o Using the input +4, the global input-output rule gives

DONA
x’z<—+4 DONA(l’)’zHJA = ar + b‘:pH+4
=a(+4)+b
that is
44 DONA L datb

and since the first boundary condition was that

DONA

+4 -1

because one input can have at most one output, we must have:
+da+b=-1

e Using the input —2, the global input-output rule gives

DONA

J"’ DONA(:U)LN——Z = ar + b‘gj«——Q

=a(—2)+b

Te——2

that is

DONA

-2 —2a+b



and since the second boundary condition was that

Lo DONA .,

because one input can have at most one output, we must have:
—2a+b=+2

c. We now solve the double equation problem where the unknowns are

a and b:
4 =1
BoTH +4a +b
—2a+b=+2

Given that both equations involve b with the same coefficient, namely 1,
subtracting one from the other will eliminate b:

[+4a +b] — [~2a + b] = [-1] = [+2]

and since subtracting means adding the opposite

[+4a + b] + [+2a — b] = [—1] + [-2]
+4a+b+2a—b=-1-2

+6a = -3

=3

““ 6

1

“=3

whose solution is —%

To get b we can substitute —% for a in either equation. We use the first
one:

+4a+b|, 1 =-1
2
+4 { 1} +b=-1
5 =
—2+b=-1
b=-3
whose solution is —3

And so the global input-output rule that specifies DON A is

1
DONA ., DONA(z) = —5r =3



II-3. Given the affine function JADIH whose global rule is

2
x——iﬂli—eJAD[H@):—§x+3
find its global graph.

Discussion: Since we are being asked for the global graph of a function
this is a GLOBAL question.

There are two ways we can proceed:

a. We can look at this as an Initial Value Problem, that is we
can "pick" an input, say +3, localize near +3 and construct the local
graph:

2
34+ h —L s f@)]yrgap = =+ 3
3 rz=+3+h

which gives after the standard computation:
= [+1]h" + [ - 2]A!

and therefore the local graph where we picked the run equal to +1 so
that for the slope to be —2 the rise had to be —2:
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We can then extrapolate the local graph because of the THEOREM that
says that the graph of an affine function is a straight line.

b. We can look at this as a Boundary Value Problem, that is:
i. We "pick" two inputs, say +3 and +6,

ii. We compute their outputs,

2
+3 —L— F@)mys = —S2+3



=+1
+6 —L— f@))org = —=7+3
3 r=-+6
=1

iii. We plot the points and draw a straight line through the two plot
points because of the THEOREM that says that the graph of an affine
function is a straight line:
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I1-4. Given the function CRIC whose global input-output rule is

CRIC _, CRIC(z) = —3x — 12

find its 0-height input(s) if any.

Discussion: Since we are being asked for all the input(s), if any, for
which “something” is required to be the case (here it is that the output
has to be = 0), this is a GLOBAL question and the kind for which we
use the

STANDARD APPROACH:

a. Find the equation/inequation that the inputs must be a solution
of in order for the “something” to be the case.

o When the “something” involves outputs, we set the equation/inequation
directly.

e When the “something” involves the slope or the concavity,
i. we localize near an unspecified input xg
ii. we get the equation/inequation by setting the coefficient of the
appropriate power to have the required sign, = 0, < 0 or > 0,

b. Solve the resulting equation/inequation. In the case of an in-
equation, we always proceed in two steps:



i. we solve the associated equation to get the break-even inputs,
ii. we test the sections determined by the break-even inputs.
ExecuTION: We will follow the above steps.

a. We find the equation/inequation. Since we are looking for the

inputs for which the output is to be = 0, we set the equation directly. We
have

z—1 (r) = —4x —6

and since we must have
f(@)=0
the equation that we must solve is

—4xr—6=0

b. Solving gives as only solution Zo_output = —%

I1-5. Given the function F'1LO whose global input-output rule is

FILO , FILO(z) = +82 + 1

and the function GREG whose global input-output rule is

GREG _, GREG(z) = +5x — 2

find the inputs, if any, for which FILO(z) < GREG(x).

Discussion: Since we are being asked for all the input(s), if any, for
which “something” is required to be the case (here it is that the output
of f has to be smaller than the output of g), this is a GLOBAL question
and the kind for which we use the

STANDARD APPROACH:

a. Find the equation/inequation that the inputs must be a solution
of in order for the “something” to be the case.

o When the “something” involves outputs, we set the equation/inequation
directly.

e When the “something” involves the slope or the concavity,
i. we localize near an unspecified input zg



ii. we get the equation/inequation by setting the coefficient of the
appropriate power to have the required sign, = 0, < 0 or > 0,

b. Solve the resulting equation/inequation. In the case of an in-
equation, we always proceed in two steps:

i. we solve the associated equation to get the break-even inputs,
ii. we test the sections determined by the break-even inputs.

ExecuTioN: We will follow the above steps.

a. We find the equation/inequation: Since we are looking for the
inputs for which the output of f is smaller than the output of g. So, we
set the inequation directly. We have:

s —L () =+8x+1
and
r—2— g(z) = +5z — 2
and since we must have
flz) < g(x)
the inequation that we must solve is

+8x+ 1< +bxr —2

b. We solve the inequation in two steps.

i. We solve the associated equation to get the break-even input(s), if
any:

+8x 4+ 1=+dxr —2
We add —5z — 1 on both sides:

—br—1=-bx—1
We get

+3x = -3

and therefore



ii. We test an input in each one of the sections determined by the break-
even point —1 for the sign of the outputs:

Section A Section B

O >
J A
-1 +o0

—00

o To test Section A, we use a number near —oo, say —1000:
F(@)]g=—1000 = +8% 4+ 1|,—_1900 = —8000 + (...)
9()] ;= 1000 = =5 = 1= 1000 = +5000 + (...)

So, in Section A we have that f(z) < g(z) is TRUE.

e To test Section B, we use a number near 400, say +1000:

F(@)|a—t1000 = +87 + 1ot 1000 = +8000 + (...)

9()|y— 11000 = —5T — 1‘&7:—&-1000 = —5000 + (...)
So, in Section A we have that f(z) < g(x) is FALSE.

Altogether, the solution set is:

Section A Section B

—o0 -1 +o0

1I-6. Given the function M ARC specified by the global input-output rule

o —MARC MARC(z) = +32% + 62 — 17

find Slope-sign near oo.

Discussion: Since we are being asked about the output of inputs near
a given input this is a LOCAL question.

Since we are being asked about when z is near oo, we localize near oo:

MARC = (+3)z% + (+6)z + (+1)

MARC ()|

x large

o= large = large

which gives after the standard approximation:
= (+3)z% + (...)
Since the local graph near oo of the power function
x — P(z) = (+1)2?

is
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we have that Sign slope M ARC near co = (/,\ ). (What is left of oo
is to our right and vice versa.)

II-7. Given the function M AY specified by the global input-output rule

g —MAYO | MAYO(z) = —22% 4+ 42+ 6

find Height-sign near oo.

Discussion: Since we are being asked about the output of inputs near
a given input this is a LOCAL question.

Since we are being asked about when z is near oo, we localize near oo:

AY

—MAYO L AMAYO(z)| = (—2)2® + (+4)z + (+6)

x large z= large x= large

which gives after the standard approximation:

= (=2)2% + (...)
Since the local graph near oo of the power function
@ — f(a) = (~1)2”
is
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we have that Height-sign M AY O near co = (—, — ). (What is left of co
is to our right and vice versa.)
II-8. Let the function f be specified by the global input-output rule

x—HON | RONI(z) = +322 + 92 + 6

for which input(s), if any, is the output of f equal to 07

Discussion: Since we are being asked for all the input(s), if any, for
which “something” is required to be the case (here it is that the output
has to be = 0), this is a GLOBAL question and the kind for which we
use the

STANDARD APPROACH:

a. Find the equation/inequation that the inputs must be a solution
of in order for the “something” to be the case.

o When the “something” involves outputs, we set the equation/inequation
directly.

e When the “something” involves the slope or the concavity,
i. we localize near an unspecified input zg
ii. we get the equation/inequation by setting the coefficient of the
appropriate power to have the required sign, = 0, < 0 or > 0,

b. Solve the resulting equation/inequation. In the case of an in-
equation, we proceed in two steps:

i. we solve the associated equation to get the break-even inputs,
ii. we test the sections determined by the break-even inputs.
ExeEcUTION: We follow the above steps.

a. We find the equation/inequation. Since we are looking for the

inputs for which the output is to be = 0, we set the inequation directly.
We have

z—1 () = +322 + 92 + 6
and since we must have
f(x) =0

the equation that we must solve is

+32°2+92+6=0
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b. To solve this quadratic equation, we count inputs from zg_gjope =
2(_T93) = —% by letting x = —% + u because, then, there will be no u term:

L @)= (R (9) + (46)

—_3
r= 2+u

which gives after the standard computation:

So, instead of solving the equation
+322 4+ 92+ 6=0

we solve the equation

which gives us
UQ—output = :IZ%
and, since z = —% + u, this gives us
ZO—output = _% + % = —2, -1

Note that if we remember the THEOREM that says that, for a quadratic
function

c—2 () = az® + bz +c

the 0-output inputs depend on Discriminant f = b? — 4ac:
e If Discriminant f is negative, then f has no 0-output input
o If Discriminant f is zero, then f has one 0-output input (and zo—output =

To—slope = %5)
o If Discriminant f is positive, then f has two 0-output inputs (and
/Discriminant _ Vb?dac
L0—output = T0—slope + lsc+manf = 2701,] + %)
Then we compute Discriminant f = (4+9) — 4(4+3)(+6) = +9 so that
f has two 0-output inputs, namely zo—output = :L—g + —VJ:%Q = jr—g + i—g =
—1,-2

I1-9. Let the function f be specified by the global input-output rule

x%f(x):—3x2+7x—6
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where, if at all, is the output of f negative?

Discussion: Since we are being asked for all the input(s), if any, for
which “something” is required to be the case (here it is that the output
has to be < 0), this is a GLOBAL question and the kind for which we
use the

STANDARD APPROACH:

a. Find the equation/inequation that the inputs must be a solution
of in order for the “something” to be the case.

o When the “something” involves outputs, we set the equation/inequation
directly.

e When the “something” involves the slope or the concavity,
i. we localize near an unspecified input xg
ii. we get the equation/inequation by setting the coefficient of the
appropriate power to have the required sign, = 0, < 0 or > 0,

b. Solve the resulting equation/inequation. In the case of an in-
equation, we proceed in two steps:

i. we solve the associated equation to get the break-even inputs,
ii. we test the sections determined by the break-even inputs.
EXEcUTION: We follow the above steps

a. We find the equation/inequation. Since we are looking for the
inputs for which the output is to be < 0, we set the inequation directly.
We have

e —F s f@)= 32+ Tz —6
and since we must have
f(x) <0
the inequation that we must solve is
—32°+ 72 -6 <0
b. We solve the inequation in two steps.

i. We solve the associated equation

—322+ T —6=0
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to get the break-even inputs:

To solve this quadratic equation, we count the inputs from xo_gope =
2(%73) = +% by letting x = Jr% +u because, then, there will be no u term:

+% tu—T (l’)\x:Jr%HL = (=3)2% + (+7) + (—6)

m:Jr%Jru
which gives after the standard computation:

23

[~ 207+ [0]u+ [~ 3

So, instead of solving the equation
322+ T2 —-6=0
we now must solve the equation
23 2 _
which has no solution

ii. We test the sections determined by the break-even inputs. Since
there is no break-even input, there is only one section. So, we can any
input we want.

e We can test for x near co and we get

f o 2
x large E— f(x)’a;z large — =327+ Tr -6 = large

= —32° +(...)
<0

e We can test for z = 0, we get

00— f@)],_y = —3(0)2 +7(0) — 6

=—6
<0
e We can test for any other input but the arithmetic will be more
complicated.
So, for all inputs, the output will be negative.

There is also a “global” way to look at this but it depends on our knowl-
edge of quadratic functions. First, since the coefficient of 22 is negative,
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II1-10.

for inputs near oo the output will be negative. So, the output will be
negative everywhere with a possible exception which depends on whether
or not the output can be 0 which we determine by computing the dis-
criminant. Since the discriminant is negative, there can be no 0-output
and therefore the output must remain negative everywhere.

Note that if we remember the THEOREM that says that, for a quadratic
function

r—2 (z) = az® + bz +c

the 0-output inputs depend on Discriminant f = b> — 4ac:

e If Discriminant f is negative, then f has no O-output input
e If Discriminant f is zero, then f has one 0-output input
e If Discriminant f is positive, then f has two 0-output inputs

then, by computing Discriminant f = (+7)?—4(—3)(—6) = —23, we have
that f has no 0-output inputs.

Given the function TN A whose global input-output rule is

TINA L TINA(z) = —22% + 62 + 8

find Z0-slope-

Discussion: Since we are being asked for all the input(s), if any, for
which “something” is required to be the case (here it is that the slope has
to be = 0), this is a GLOBAL question and the kind for which we use
the

STANDARD APPROACH:

a. Find the equation/inequation that the inputs must be a solution
of in order for the “something” to be the case.

o When the “something” involves outputs, we set the equation/inequation
directly.

e When the “something” involves the slope or the concavity,
i. we localize near an unspecified input xg
ii. we get the equation/inequation by setting the coefficient of the
appropriate power to have the required sign, = 0, < 0 or > 0,

b. Solve the resulting equation/inequation. In the case of an in-
equation, we always proceed in two steps:
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i. we solve the associated equation to get the break-even inputs,
ii. we test the sections determined by the break-even inputs.

ExeEcuTIiON: We will follow the above steps.

a. We find the equation/inequation. Since we are looking for the
inputs for which the sign of the slope is to be = 0, we find the equation
as follows:

i.  We localize near an unspecified input xq:

20 +h — s f(@)|ygyrn = (+2)2% + (—6)z + (+8)

rx=xo+h

which gives after the standard computation the coefficient of h:
=[ 0+ [+4z—6]nt +[ ]r?

ii. We get the equation by setting the coefficient of h equal to 0:
+4z90—-6=0

b. We solve the equation
+4x9g—6=0
which gives us xo_gope = —1—%.
Note that if we remember the THEOREM that says that, for a quadratic
function

c—9 (z) = az® +bx +c

the 0-slope input is xo_siope = 5—5, then we get that xg_gsope = 2?“76 = —i—%.
(Note that the proof of the THEOREM goes exactly through the steps
of the standard approach.)

Let f be the function specified by the global input-output rule

z—t (z) = —42* + 8z + 12

near which input(s), if any, is the output of f decreasing?

Discussion: Since we are being asked for all the input(s), if any, for
which “something” is required to be the case (here it is that the slope has
to be < 0), this is a GLOBAL question and the kind for which we use
the

STANDARD APPROACH:
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a. Find the equation/inequation that the inputs must be a solution

of in order for the “something” to be the case.

o When the “something” involves outputs, we set the equation/inequation
directly.

e When the “something” involves the slope or the concavity,
i. we localize near an unspecified input zg
ii. we get the equation/inequation by setting the coefficient of the
appropriate power to have the required sign, = 0, < 0 or > 0,

b. Solve the resulting equation/inequation. In the case of an in-

equation, we proceed in two steps:

i.

ii.

we solve the associated equation to get the break-even inputs,

we test the sections determined by the break-even inputs.

ExeEcuTION: We will follow the above steps.

a. We find the equation/inequation. Since we are looking for the

inputs for which the sign of the slope has to be < 0 we find the inequation
as follows.

i.

We localize near an unspecified input xo:

20 +h — s f@)|ypyin = (—2% + (+8)z + (+12)

r=x0+h

which gives after the standard computation the coefficient of h:

ii.

=[ A+ [—8wo+8]Rt+[ ]r?

We get the inequation by setting the coefficient of h to be negative,

that is smaller than 0O:

i.

—8x0g+8<0
b. We solve the inequation in two steps.
We solve the associated equation to get the break-even inputs:

—8xg+8=0

which gives us Zo—_siope = +1.

ii.

We test each of the section determined by the break-even input

LO—slope = +1:

Section A Section B

O N,
7 A
—00 +1 ~+o00
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To do that, we could pick a finite input in each section and then check
the sign of the coefficient of A for that input.

However, based on our knowledge of the power functions, it is much more
efficient to test near oo using the graph of f when z is near oo, namely
the graph of

= (—4)2® + (+8)z + (+12)
[—4]z% + (...)

x large S - f(x)]

x large « large

which is, essentially,
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The graph shows that the slope in Section A is / and that the concavity
in Section B is \

Note that if we remember the THEOREM that says that, for a quadratic
function

z—2 (z) = az? + bz +c

the O-slope input is

_ =b
Lo—slope = 3,

so that here

Lo—slope = 2(-4 — +1

and the THEOREM that says that when the coefficient of 22 is negative,
the graph is like
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then we can see that the slope will be negative for the inputs that are
smaller than xo_gope = +1

II-12. Let f be the function specified by the global input-output rule

z L fla) = —26.0622 + 13.03z — 21.63

for which input(s), if any, is Concavity-sign f = (U,U)?

Discussion: Since we are being asked for all the input(s), if any, for
which “something” is required to be the case (here it is that Concavity-
sign be (U,U)), this is a GLOBAL question and the kind for which we
use the

STANDARD APPROACH:
a. Find the equation/inequation that the inputs must be a solution
of in order for the “something” to be the case.

o When the “something” involves outputs, we set the equation/inequation
directly.

e When the “something” involves the slope or the concavity,
i. we localize near an unspecified input xg
ii. we get the equation/inequation by setting the coefficient of the
appropriate power of h to have the required sign, = 0, < 0 or > 0,

b. Solve the resulting equation/inequation. In the case of an in-
equation, we proceed in two steps:

i. we solve the associated equation to get the break-even inputs,

ii. we test the sections determined by the break-even inputs.

ExecuTION: We will follow the above steps.
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a. We find the equation/inequation. Since we are looking for the inputs
for which the sign of the concavity has to be > 0 we find the inequation
as follows.

i. We localize near an unspecified input z:

20+ h —L— f(@)],_yn = (—26.062° + 13.03z — 21.63)

r=x0+h

which gives after the standard computation the coefficient of h:

=[ Jr°+[ Jh'+[—26.06]h%
ii. We get the inequation by setting the coefficient of h? to be positive,
that is larger than 0:

—26.06 > 0
b. This inequation does not involve zg and therefore is either always
TRUE or always FALSE independently of zg. Here, since —26.06 is negative,
it is always FALSE regardless of xg.
So, there is no input for which Concavity-sign f = (U, U)
Note that if we remember the THEOREM that says that for a quadratic
function QUADRATICy ..

UADRATIC, ..
v —2 b QUADRATIC,.(z) = az? + bx + ¢

the Concaviity-sign is everywhere equal to (Sign a, Sign a), then we can
see that there is no input for which Concavity-sign f = (U, U)

Let f be the function specified by the global input-output rule

e —t (z) = +22 — 2248

and let g be the function specified by the global input-output rule

r—2— g(x) = -3c+7

for how many input(s), if any, do the functions f and g return the same
output?

Discussion: Since we are being asked for all the input(s), if any, for
which “something” is required to be the case (here it is that the output
of f has to be equal to the output of g), this is a GLOBAL question and
the kind for which we use the

STANDARD APPROACH:
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a. Find the equation/inequation that the inputs must be a solution
of in order for the “something” to be the case.

o When the “something” involves outputs, we set the equation/inequation
directly.

¢ When the “something” involves the slope or the concavity,
i. we localize near an unspecified input zg
ii. we get the equation/inequation by setting the coefficient of the
appropriate power to have the required sign, = 0, < 0 or > 0,

b. Solve the resulting equation/inequation. In the case of an in-
equation, we proceed in two steps:

i. we solve the associated equation to get the break-even inputs,
ii. we test the sections determined by the break-even inputs.

ExXEcUTION: We follow the above steps.

a. We find the equation/inequation: Since we are looking for the
inputs for which the output of f is equal to the output of g we set the
inequation directly. We have:

e —t (z) = 42% - 2248
and

r—L— g(x) = -3z +7

and since we must have

the equation that we must solve is
422 -2z 4+8=-3x+7
which we turn into a quadratic equation by adding +3x —7 on both sides:
+3x -7 +3x -7
We get

+2t 4+ +1=0
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b. We solve this quadratic equation by counting the inputs from
T0—slope = 2(%11) = —% by letting = = —% + u because, then, there will be

no u term:
f

2
—§—|—u—> (x)|x:7%+u: 4zt +zx+1

—_1
r= 2+u

which gives after the standard computation:

So, instead of solving the equation
+z2+2+1=0
we now must solve the equation
+% +u? =0
which has no solution

Note that if we remember the THEOREM that says that, for a quadratic
function

z—2 () = az® + bz +c
the O-output inputs depend on Discriminant f = b? — 4ac:

o If Discriminant f is negative, then f has no O-output input

o If Discriminant f is zero, then f has one 0-output input

e If Discriminant f is positive, then f has two 0-output inputs
then, by computing Discriminant f = (+1)% —4(+1)(+1) = —3, we have
that f has no O-output inputs.

Given the function TITO whose global input-output rule is

_Tro TITO(z) = +32% + 92 + 6

what is the highest output(s), if any?.

Discussion: Since we are being asked for “the” highest output, we must
look at the output of all the inputs and so this is a GLOBAL question
that requires knowledge of the general theory for quadratic functions:

a. Since the coefficient of 22 is positive, the graph of TITO is
concave up everywhere.
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b. In particular, the graph of TIT'O is concave up near To_siope
which is therefore the input with the lowest output. (Visualize the local
graph near Zo_siope-)

c. Near oo, the output is infinitely high
So, TITO does not have a highest (finite) output.

Given the function f whose global input-output rule is

x L fz) = 2® — 1222 + 452 + 10

what is Slope-sign f near +37

Discussion: Since we are being asked about the output of inputs near
a given input this is a LOCAL question.

Since we are being asked about when «x is near a finite input, we localize
near that input and since we are looking for the slope, we look for the
coefficient of h in the output:

134+ h —L s f@)] g = (F1)a® + (—12)22 + (+45)2 + (+10)

r=+3+h
which gives after the standard computation the coefficient of h:
=[ JR0+olpt+[ IR+ ]n

So, as it happens, here +3 is a 0-slope input and the slope near +3 will
have to come from the coefficient of h?:

=[ RO+ [0]R! + [(+1)- (3-+3) + (—12) - 1]h% + [

=[ %+ [o]pt +[=3]R2+ [ A}

Since the local graph of the power function

/
h——— f(@)|ye i3 = (=3)1°

is

Output
Ruler

Screen

Input
Ruler

G
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we have that Sign slope f near +3 = (/,\) (What is left of a finite
point is to our left etc.)

I1-16. Given the function f whose global input-output rule is
L f@) = 2%+ 1222 4 82 — 7

what is Concavity-sign f near 437

Discussion: Since we are being asked about the output of inputs near
a given input this is a LOCAL problem.

Since we are being asked about the concavity, we look for the coefficient
of h? in the output:
f
34+ h ——— f(@)mygn = (-2)2° + (+12)2” + (48)z + (=7)
= (=2) [+3 + 1] + (+12) [+3 + h]* + (+8)) [+3 + A] + (=7)
= (=2) [+27+ 27h + 90% + [.]] + (+12) [+9 + 6k + h?] + (+8) [+3 + h] + (=7)

r=+3+h

which gives after the standard computation the coefficient of h?:
=[ R+ Jrt+[-6]R*+] R®
Since the local graph of the power function
f _ 2
h ——— f(@)|p— 31 = (=6)h
is

Outpu
Ruler

Screen

Input
Ruler

we have that Sign concavity f near +3 = (N,N)
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11-17. Given the function f whose global input-output rule is

z L (z) = z(z — 2)?

where is the output equal to 07

Discussion: Since we are being asked for all the input(s), if any, for
which “something” is required to be the case (here it is that the output
has to be = 0), this is a GLOBAL question and the kind for which we
use the

STANDARD APPROACH:

a. Find the equation/inequation that the inputs must be a solution
of in order for the “something” to be the case.

o When the “something” involves outputs, we set the equation/inequation
directly.

e When the “something” involves the slope or the concavity,
i. we localize near an unspecified input zq
ii. we get the equation/inequation by setting the coefficient of the
appropriate power to have the required sign, = 0, < 0 or > 0,

b. Solve the resulting equation/inequation. In the case of an in-
equation, we proceed in two steps:

i. we solve the associated equation to get the break-even inputs,
ii. we test the sections determined by the break-even inputs.

ExecuTioN: We follow the above steps.

a. We find the equation/inequation. Since we are looking for the
inputs for which the output is to be = 0, we set the equation directly. We
have

z—1 (z) = x(x — 22
and since we must have
f(x) =0

the equation that we must solve is

a(z—22=0
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b. We solve the equation. This is a cubic equation and, normally,
we don’t know how to solve a cubic equation. Here, though, the cubic is
factored and so solving amounts to the same as solving;:

OR z=0
(x—2)2=0

i. The first equation,

gives us To—output = 0
ii. The second equation,

(r—2)2=0
gives us To—output = +2

I1-18. Given the function f whose global input-output rule is
r L f@)=—(z— Dz —2)(z—3)

where is the output of f negative?

Discussion: Since we are being asked for all the input(s), if any, for
which “something” is required to be the case (here it is that the output
has to be < 0), this is a GLOBAL question and the kind for which we
use the

STANDARD APPROACH:

a. Find the equation/inequation that the inputs must be a solution
of in order for the “something” to be the case.

o When the “something” involves outputs, we set the equation/inequation
directly.

e When the “something” involves the slope or the concavity,
i. we localize near an unspecified input xg
ii. we get the equation/inequation by setting the coefficient of the
appropriate power to have the required sign, =0, < 0 or > 0,

b. Solve the resulting equation/inequation. In the case of an in-
equation, we proceed in two steps:

i. we solve the associated equation to get the break-even inputs,
ii. we test the sections determined by the break-even inputs.

ExeEcuTION: We follow the above steps
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a. We find the equation/inequation. Since we are looking for the
inputs for which the output is to be < 0, we set the inequation directly.
We have

r—t s f@) = —(r— 1)z —2)(z—3)
and since we must have
flz) <0
the inequation that we must solve is

—(z—-1)(x—2)(z—-3) <0

b. We solve the inequation in two steps.
i. We solve the associated equation
—(z=1)(x—2)(x—3)=0

to get the break-even inputs: This is a cubic equation and, normally, we
don’t know how to solve a cubic equation. Here, though, the cubic is
factored and so solving amounts to the same as solving;:

z—1=0
ORqx—2=0
z—3=0
e The first equation,
r—1=0

gives us the break-even input zo—_output = +1
e The second equation,
r—2=0
gives us the break-even input xo—_output = +2
e The third equation,
r—3=0
gives us the break-even input zo_output = +3
ii. We test each of the four sections determined by the three break-even
inputs Lo—slope = +1, Lo—slope = +2, Zo—slope = +3,:

Section A Section B Section C Section D

) O) .
\9 9, 9, >
+1 oo
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To do that, we could pick a finite input in each section and then check
the sign of the coefficient of h° (that is, in fact, the sign of the output)
for that input.

However, based on our knowledge of the cubic functions, it is much more
efficient to test near oo using the graph of f when z is near oo, namely
the graph of

x large # f(x)|m large — _(‘T - 1)(‘7: - 2)(:6 - 3)‘:}: large
=—(@+ )+ () (@+ ()
=23+ (...)

which is, essentially,

Outpu
Ruler
Screen

\ Input

Ruler

o0 o

and then to use the global graph of f which must be:

Output
Ruler

Screen

Input
Ruler

—0 +1 2 +3 o

The global graph shows that the output in Section A is +, the output in
Section B is —, the output in Section C is +, the output in Section D is

I1-19. Let f be the function specified by the global input-output rule

SR (z) = +22° + 2% + 102+ 7

where is the slope of f equal to 07.



28

Discussion: Since we are being asked for all the input(s), if any, for
which “something” is required to be the case (here it is that the slope has
to be = 0), this is a GLOBAL question and the kind for which we use
the

STANDARD APPROACH:

a. Find the equation/inequation that the inputs must be a solution
of in order for the “something” to be the case.

o When the “something” involves outputs, we set the equation/inequation
directly.

e When the “something” involves the slope or the concavity,
i. we localize near an unspecified input xg
ii. we get the equation/inequation by setting the coefficient of the
appropriate power to have the required sign, = 0, < 0 or > 0,

b. Solve the resulting equation/inequation. In the case of an in-
equation, we always proceed in two steps:

i. we solve the associated equation to get the break-even inputs,
ii. we test the sections determined by the break-even inputs.
ExeEcuTION: We will follow the above steps.

a. We find the equation/inequation. Since we are looking for the

inputs for which the sign of the slope is to be = 0, we find the equation
as follows:

i. We localize near an unspecified input zg:

20+ h —T s [(@)] g en = (+2)2® + (D)2 + (+10)z + (+7)

rx=xo+h

which gives after the standard computation the coefficient of h:
= 2[zo + h]> + [wo + h)* + 10[mo + h] + 7
using the addition formulas for cube and for square

=2 (2} + 32§h + [..]] + |2f + 220 + [..]] + 10 2o + A + 7
=[ R0+ [+62]+220+10/R" +[ [r*+[ |K°

ii. We get the equation by setting the coefficient of h equal to 0:
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+62% + 220 +10 =0

b. We solve this quadratic equation by counting the inputs from

To-stope = 555 = —% by letting @ = —§ +u because, then, there will be
no u term:
1 f 2
—= b —t ($)|x:_%+u = +6x° +2x + 10 e liy

6

which gives after the standard computation:

59

6]+[0]u+[—|—6]u2

:[_1_

So, instead of solving the equation
+62% + 22410 =0
we now must solve the equation
+3 +6u? =0
which has no solution

Note that if we remember the THEOREM that says that, for a quadratic
function

c—2 () = az® + bz +c

the 0-output inputs depend on Discriminant f = b% — 4ac:

o If Discriminant f is negative, then f has no O-output input

e If Discriminant f is zero, then f has one 0-output input

o If Discriminant f is positive, then f has two 0-output inputs
then, by computing Discriminant f = (+2)? — 4(+6)(+10) = —236, we
have that the equation +622 + 2z + 10 = 0 has no solution.

Given the function f specified by the global input-output rule

PR (z) = +a° — 92% 4+ 152 — 11

where is f concave up?

Discussion: Since we are being asked for all the input(s), if any, for which
“something” is required to be the case (here it is that the concavity has
to be > 0), this is a GLOBAL question and the kind for which we use
the

STANDARD APPROACH:



a. Find the equation/inequation that the inputs must be a solution
of in order for the “something” to be the case.

o When the “something” involves outputs, we set the equation/inequation
directly.

e When the “something” involves the slope or the concavity,
i. we localize near an unspecified input zg
ii. we get the equation/inequation by setting the coefficient of the
appropriate power to have the required sign, = 0, < 0 or > 0,

b. Solve the resulting equation/inequation. In the case of an in-
equation, we proceed in two steps:

i. we solve the associated equation to get the break-even inputs,
ii. we test the sections determined by the break-even inputs.
ExecuTioN: We will follow the above steps.

a. We find the equation/inequation. Since we are looking for the

inputs for which the sign of the concavity has to be > 0 we find the
inequation as follows.

i.  We localize near an unspecified input xg:

2o+ h —L— f(@)],_y i = (F1)@% + (—9)a® + (+15)z + (—11)

r=x0+h

which gives after the standard computation the coefficient of h:
=[ JR°+[ Jh'+[+6z0—18]n*+[ ]n?

ii. We get the inequation by setting the coefficient of h? to be positive,
that is larger than 0:

+6x9— 18 >0
b. We solve the inequation in two steps.
i.  We solve the associated equation to get the break-even inputs:
+6x0 — 18 =0
which gives us xo—concavity = +3-

ii. We test each of the section determined by the break-even input
LO—concavity = +3:

Section A Section B

O N,
7 A
—00 +3 +o0
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To do that, we could pick a finite input in each section and then check
the sign of the coefficient of A for that input.

However, based on our knowledge of the power functions, it is much more
efficient to test near oo using the graph of f when z is near oo, namely
the graph of

x large _f F(@)|2 targe = (+1)2® 4 (=9)z? + (+15)z + (—11)
z large
=[+1]2* + (...)
which is, essentially,
Output
Ruler /
Screen

/ Input

Ruler

The graph shows that the concavity in Section A is N and that the con-
cavity in Section B is U

Note that if we remember the THEOREM that says that, for a cubic
function

x—2 (z) = az® + bz + cx +d

the 0-concavity input is

_ —b
L0—concavity = 3

so that here

9
L0—concavity = Jﬁ =+3

and the THEOREM that says that when the coefficient of 22 is positive,
the graph is like



32

Output
Ruler

Screep7,
/ Input

Ruler

X0-concavity

then we can see that the concavity will be cup for the inputs that are
larger than zo_concavity = +3



