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1 Introduction

Using the methods of Bohr, Jessen, and Wintner [1, 2], it can be shown that the

set

!/

A(T, 00) ={t € [T, 2T] : —%%(G—i—it) >0 Vo> oo}

has a density when oy > 1/2 is fixed, in the sense that

. A(T, o0)
TILrEO meas —— (1)

exists. In particular, such a density exists if we restrict ourselves to the smaller

set

A(T, 00,0") ={t € [T,2T] : —9%%(6+it) >0 Vo € (09,0},

for1/2<o0o<1<0.

We will choose ¢’ > 1 so that

Yy 0P _ 59, (2)

P P
This choice of sigma is selected merely to overwhelm some finite sums that will
appear later.
In this paper, we establish the following.

Theorem 1

. meas A(T, g, 0')
lim

T—o0 T > (0-0_1/2)2



as 0o | 1/2 and the limit on the left is approached uniformly for oo > 1/2 +
B loglogloglog T/ log log log T if B is large enough.
In order to do this, we argue that since the behaviour of —9‘1%(0 +1it) is

essentially that of

|
Z ogcp cos(tlogp),
b P

we are just led to investigate the o for which this sum stays positive. This study

can be further reduced to the study of the positivity of all the partial sums of

log p
1/2

cos(tlogp).

p<x
To measure the set of all t € [T,2T] where the partial sums of this last
sum are positive, we argue that since the logarithms of the primes are linearly
independent over the rationals, finding this measure is equivalent to finding the

probability
log p
Prob ——=X, >0 forall y<x]|, (3)

where the X, are independent, identically distributed random variables having

density

1
f(X):ﬁ, XE(—],])

To justify the passage to probability theory, we use a multidimensional integral

analogue of the Erdds-Turan Inequality.



The computation of the probability in (3) is calculated using the rudiments

of Brownian Motion Theory.

2 Reduction to Random Variables

In this section we legitimise the passage to probability theory. We estimate the

difference between the number-theoretic quantity

o

1 I
Tmeas{t € [T,2T]: Z °gP cos(tlogp) >0 forall y < x}

P<y

and the probabilistic quantity

|
Prob (Z Cfcpxp >0 forall y< x) ,

P<y

where the X,, are independent, identically distributed random variables having
density
f(x)Z;, x € (—=1,1).
/1T —x2

There are many instances in the literature where such a passage has been neces-
sary, [2] being probably the earliest, and the references [1], [3] and [4] providing
many diverse applications of this technique. See also the work [5] for various
computations of distributions.

In what follows, the letters p and q will always denote prime numbers, 7t(x) =

Zp§x1 and q = q(x) will denote the largest prime not exceeding x. Also, the

3



vector u will have coordinates indexed by the primes, u = (uz, uz, us, ..., uq);
h = (log2,log3,...,logq). Observe that the vectors here live in a 7t(x)-

dimensional space. Furthermore, we let
c(t) = ({tlog 2}, {tlog3},... {tlogq}),

where {x} denotes, as usual, the fractional part of x. Finally, we denote by B
the collection of all boxes B contained in the unit torus with sides parallel to the
axes, and T =R/Z.
From Theorem 1 of [6] we deduce
Lemma 2 Let m be a positive integer. For eachi,1 <i < m, let K; be a pos-
itive integer, o, B1 real numbers with oy < 1 < ai+1. Let B = X [ow, Bi] €
T™. Then there exist trigonometric polynomials T3 (x), T (x), such that
Tl = ) Tilklelk x),
i <Ky

T (x) < xs(x) < Tg(x)

for allx € T™, and

JTm |T|:3t(x) _XB(X)‘ dx <2 (H (Bi_(xi+ Ki1+1> _H(Bi—oﬁ)> )



We remark that if we write 1; = 3; — &4 and expand
m 1 m

(v ) 11

in monomials in the 1l;, then, since all the coefficients are > 0, this expression

increases with the 1;, and it attains its maximum when all the 1; are 1. Thus

ks 1
[0 xab | ax < 2 (1} (1+i7) - 1)

uniformly for all boxes B.

The following lemma is, in a sense, a continuous analogue of the Erdos -
Turdn Inequality.

Lemma 3 Let T > 0. For any positive K > 7t(x),

1

! JZT @ 1

. xg(c(t)) dt — measB| <« X +T64KX'

sup
BeB

Proof. Consider a particular 7t(x)-dimensional box B = X?:(f)(ai,bi), a; <
bi < a;+ 1. We take K; = K > 0 for all i, m = 7t(x) in Lemma 2. Here k has

entries ki with |[k;| < K. In virtue of the just cited lemma,

1 2T

2T 1
—J xg(c(t)) dt — measB S—J Ty (c(t)) dt — meas B.
T T

Using the Fourier expansion of T3, the above expression equals

N 1 N 2T
+ _ + . _
T4 (0) + T%Tg(k)L e(tk - h) dt — meas B.



The above is in turn is less than or equal to

7T(x) 7(x) 2T
1 1 EN
2 bi—ai+—=)—2 bi—ai)+=) Tg(k tk - h) dt.
[Tt gy 2o a0 w3 il | elti-h)

Here, we are using the standard notation e(z) = e?™Z. Since the logarithms of
the prime numbers are linearly independent over the rational numbers, k-h £ 0

for k # 0. This enables us to conclude that

1 (2 LI 2 |- 1
— — < )\ - + I
J xg(c(t)) dt—meas B _zg(w ) z+Té‘TB(k)‘|k_h| (4)

T, K+
Now
T30 < [T 00 = a0 |+ Rl < | T30 = xu(x0] dx a0 (9

We observe that [xg(k)| < H)T[:(’;) min(b; — a;, =) < 1. By the remark pre-

|k
ceding this Lemma, the first quantity on the right-hand side of (5) is at most

7t(X)

1
2 H(1+K—+1)—1

=1
Moreover, since 1+ x < e* and 7t(x) < K, this is at most
7T(x)

2(exp(m(x)/(K+1))—1) < N

Therefore ’Tg(k)’ <1+ % < 1. Upon combining this with (4) and (5), we

obtain

2T
J xg(c(t)) dt — meas B <<M—I—lzL (6)

1
TJ; K " Té&g k-l



Also,

1 1
%W < 2 log(n/m)°

o<m<n<J],, p*

To estimate this last sum, observe that if a > 1, then —— < 1+ ﬁ Thus

log a

1
Z < €4KX, (7)

O<m<n<J], ., P¥ Iog(n/m)
by the Chebyshev estimates.

Combining (6) and (7) we finally arrive at

—| xg(c(t))dt—measB <« ——

127 7(x) 1 4k
H e ®)

whence an upper bound is obtained. The lower bound is computed similarly.
Let K be a positive integer, x = (x1,X2,...,Xm) and let B be a closed body

in [0, K]™ with the property
Property (M) :if x € B, then X{™,[0,x;] C B.

We divide [0, K]™ into K™ cells X,[ki, ki + 1] where the integers k; satisfy

0 < k; < K. There are three kinds of cells C:
1. CCB; (interior)

2. CNB=0; (exterior)



3. CNB#0,CZB. (boundary)

The boundary 0B of B is contained in the union of the cells of the third type.
Let #(B) denote the number of these boundary cells, and let f,,(K) denote the
maximum of #(B) over all such bodies B. We will say that the m—1-dimensional
body X{Z] ki, ki + 1]X{k,, + 1} is the upper face of the m-dimensional box
X, [ki, ki + 1] and that XF;T [ki, ki + 11X{k} is its lower face. The following
will give us an upper bound for f(K).

Lemma 4 Let K be a positive integer and let B a closed body in [0, K]™ with

property (M). For every m > 1 and every positive integer K,
fm(K) < 2m(m+ 1K™,

Proof. The proof is by induction on m. Of the cells under consideration, we
distinguish three types:

i. Those with an upper face lying entirely outside B;

ii. Those with a lower face lying entirely within B;

iii. All those with faces that intersect B without lying in B.

For given x,1, choose integers k; for all j # 1,1 <j < m,0 < k; < K, and

consider the set

F(x) ={(x1,%2,...,%m) € R™:xi =x,k; <x; <kj+ Ifor all j # 1i}.

8



When x is an integer, this is the face of a cell. This set moves parallel to itself
as x varies. Consider the least integer x such that F(x) is disjoint from B. Then
F(x) is the upper face of a cell of type (i). Since there are m choices for i, and
K™~ choices for k;, we deduce that there are at most mK™ ' cells of type (i).
By similarly considering the greatest integer x such that F(x) C B, we deduce
that the number of cells of type (ii) is at most mK™1,

Now, fix ki, and consider a slice through [0, K]™ with x; = k;. Here 1 < k; <
K, and we count at most f,;,_1(K) upper faces that lie partially, but not entirely,
within B. By varying i and k;, we find at most mKf,,,_;(K) such upper faces.
By allowing k; to run over [0, K — 1], we similarly count at most mKf,, ;(K)
such lower faces. Altogether, there are at most 2mKf,,,_;(K) cell faces lying
partially, but not entirely, within B. Since each cell of type (iii) has 2m such
faces, it follows that there are at most Kf,, 1(K) such cells. Upon assembling

these estimates, we deduce that
frn(K) < 4mK™ " 4 Kf, 1 (K).

The result follows from the expression above and the induction hypothesis.

Let

|
§={uc 01y 2P o2mu,) > 0for all y < x.

P<y



Let R be a positive integer and let F be the family of all 7t(x)-dimensional boxes

Ca ]
v =X (22
1=1 [R) R

)

where a; ranges through all integers in [0, R — 1]. We define the in-boxes as
Si={VeF:VCS§}
and the out-boxes as
So={VeF:VvnS £

Finally, let

D= |J V

VeS,\Si

Corollary 5

meas D < 1%(x)/R.

Proof. Consider the body Sk,

Sk = {u € [0,R]™™ Z log p cos(mtu,/R) > Ofor all y < x},

o
P<y

where R is a positive integer. With m = 7(x), K = R, the body Sk is closed
and satisfies property (M). By the preceding lemma, there are < 7t%(x)R™¥)~!
unit-volume boxes intersecting the boundary of Sk. It is clear, then, that D

consists of < 7t(x)?R™)~1 boundary boxes, each having volume R~ The

10



result follows from this.

Theorem 6 Let X,, be independent, identically distributed random variables

having density

1
f(X):ﬁ, XE(—1,1)

Then, for x = [(loglog T)'/4] and as T — oo,

1 ‘ log p
‘Tmeas{t e [T,2T]: Z cos(tlogp) >0 WYy < x}

0o
P<y

1
log log log T)%(loglog T)1/¢"

|
—Prob( %fxpzong>
P<y p

<
(
Proof. We wish to demonstrate that

1
(log loglog T)%(loglog T)1/6"

1 2T
‘TJ xg(c(t))dt—measS‘ <
-

Simply observe that, as S; C S C S,, we have

1 2T 1 2T

TJ Xsi(c(t)) dt—meas U V+meas U V—measS < TJ Xs(c(t)) dt—meas S,
T Ves; Ves; T

and

2T 2T
lJ Xs(c(t)) dt—meas S < lJ Xsolc(t)) dt—meas U V+meas U V—measS.

T
T T VES, VeS,

—

11



Thus

1 2T 1 2T
‘TJ xs(c(t)) dt — measS’ < max TJ Xsj(c(t)) dt — meas U V
T =he T ves;
+ 2measD
1 2T
< R™ sup —J xg(c(t)) dt — measB‘
Bes | I J1
4+ meas D,

where B is the collection of all boxes B contained in the unit torus with sides
parallel to the axes.
By Lemma 3 and Corollary 5 the above quantity is

4Kx

2
) [(THX) e (%)
<R ( m + T + R

Choosing R = [(loglog T)%?], K = [“1], and x = [(loglog T)'/*], we obtain

the result.

3 A Probabilistic Lemma

We now estimate the probability that a random walk with shorter and shorter
steps remains positive.

In 1949, Sparre Andersen proved a combinatorial identity (see [7, 8, 9]) that

12



enables us to compute the probability
Prob(W; >0,W, >0,...,W,,_; >0,W, >0),

where W,, = Y ' Zy is the sum of symmetric, independent, identically dis-
tributed random variables Z;. His techniques exploited the fact that the dis-
tributions of Zgnn Z, are identical for fixed m. They do not readily gener-
alise. In 1961, G. Baxter [10] gave a proof utilising the all-sanctifying touch of
Harmonic Analysis, exploiting the fact that identical distributions have identical
characteristic functions (Fourier-Stieltjes transforms) and using the Wiener-Hopf
factorisation technique ([11] p. 402, [12] pp. 581-587).

Here, we obtain an asymptotic lower bound for this probability in the case
where the Z,, are not necessarily identically distributed. Our techniques use the
fact that the random walk we are considering is a martingale. We then embed this
martingale into Brownian motion by using Strassen’s extension to Martingales of

the Skorohod representation theorem.

For our problem, we are mainly interested in the probability
Prob( )  cnXn>0WVy <x) (9)
1<n<y

where the X,, are independent, identically distributed random variables having

13



density function

1
f(X):ﬁ, XE(—1,1)

Observe that the X,, have mean 0 and variance 1/2. Thus, X; + X5+ -+ +
X, =12 ... forms a martingale. We note in passing that all the moments

of the X, exist and, in fact, the X,, have characteristic function

1 1 eZdeu
— | e dx = Je2mw),
- J_] T Jo(27ru)

where Jo(u) = Zfzo(—ﬂnzzk‘(zi;!)z is the Oth Bessel function.
We borrow the following result from [13] (Theorem A.1).

Lemma 7 Skorokhod’s Representation Let {S,, = > | Xi,Fn,n. > 1} be a

zero mean, square-integrable martingale. Then there exists a probability space

supporting a (standard) Brownian Motion W and a sequence of nonnegative

random variables T1,7T, ... with the following properties. If T, = Y 1 7i,S/ =

W(T.), X3 =51, X,=S,—S/_, forn > 2, and G,, is the o-field generated by

S1,S5,...,S] and W(t) for 0 <t <T,, then,
1. Sy,n > 1 is distributed as S],n > 1,

2. T is Gn-measurable,

14



3. for each real numberr > 1,
E(Th/Gn 1) < CE(X]*1Gn1) = CE(IXI7'IX], ..., X)) as.,
where C, = 2(8/m*)™ 'T'(r + 1), and,

4. E(Tn|gn—1) = E(X§|gn—1) a.s

We remark that if the random variables above are independent, the T, can

be chosen to be independent.

We also need the following corollary of the so-called Reflexion Principle (see
[14] p. 96).

Lemma 8 Define the running maximum of a Brownian Motion B(t) as

M = max B(t).

0<s<t

Put ®(x) W f exp(—u?/2) du. Then, for any positive real number a,

a
Prob(M{ < a|B(0) =0) =20(—) — 1.
(M < alB(0) =0) ( \/{)
Theorem 9 LetZ,,,n=1,2,... be symmetric, independent random variables

with Prob(Z, = 0) = 0. Set W,, = Y, Z;. If o} = 57" | EZ} and if Fy

denotes the cumulative distribution function of Zy, then

Prob(Wy >0 V k<n) > J x| exp(—x?/402) dF;(x Z

—x /402 ne

15




Proof. Clearly
Prob(Wy > 0 Vk, 1 <k <n) =Prob(sgnZ; =1, W,—Z; > —|Z;] Vk,2 <k <n).

Since neither Wy, — Z; = Z;!(:z Z; nor |Z,| depends on the sign of Z;, the above

equals
Prob(sgnZ; = 1) - Prob(Wy — Z; > —|Z4] Vk, 2 <k < n).
Again, since Prob(Z,, > a) = Prob(Z,, < —a), the above quantity is equal to

1
ZPI’Ob(Wk— Z1 S |Z]| Vk, 2 S k S T'L)

By Skorokhod's Representation, we can find a series of times Ty, T, ... such that
{W, —W;, n > 2} is identically distributed with {B(T,,), n > 1}. Thus, the

above quantity equals

1

zProb(B(Tk) <|Z;| Vk, 1<k <n-—1).
The above quantity is at least

%Prob(B(t) <|Z:] vt € [0, To),

which in turn is at least

1
%Prob(B(t) < |2, ¥t € 0,203]) — 5Prob(T, > 2a7).

16



By Lemma 8, the above is

izl \ 1) ,
E(CD <\/ﬁ> 2) 2Prob(Tn>2crn).

Since for non-negative x

1 _L x I x exp(—x?/2)
‘D(")—z—ﬁ—ﬂLexp( w/2) du > 2EOEIS,

it follows that

o0

Prob(Wy >0V k<n) > J x| exp(—x2/40i) dF, (x)—%Prob(Tn > ZGﬁ).

1
To estimate Prob(T,, > ZO'i), we observe that, by the One-sided Chebyshev
Inequality,
Prob(T,, > 20%) < var(T,)/0}.

Since the random variables are independent, the times T in Skorokhod’s repre-

sentation can be chosen to be independent. Thus

var(Ty) =var(} ) < ) Etp.
k=1 k=1

But by the inequality for the moments given in Skorokhod's Theorem, by indepen-
dence, and since {W,, — Wy, n > 2} is identically distributed with {B(T,,), n >

1}, Eti < 18 EZ}. We thus deduce

.l n
Prob(T,, > 20%) < 6 > EZ;,
k=1

17



whence the lemma follows.

Corollary 10 Let X,, be independent random variables having density func-
tion

xe (—=1,1),

and let xo > 0. Then

I
Prob( Z O%};X >0 Yy x0<y<x> > 1/logx,

X0 <p<y
as x — oo.
Proof. This immediately follows from the above theorem, since qu g;p ~
%Iogzx and all moments of the X,, are uniformly bounded.
4 Proof of Theorem 1
We start by quoting the following result from [15].
Lemma 11
C/ X2(1fs) _ X]*S
e g (1 —s)?logx
n<x
i X—Zq s _ —2(2q+s) N 1 Z xP—s _ XZ(p—s)
Iogx ~ (2q +s)? log x - (p—s)%

where w (n) = 1(1 <n < x), BEM (<1 < x2),



We shall need the following zero-density result (see [15]).

Lemma 12 Let N(o, T) denote the number of zeroes 3 + iy of {(o + it) with

B>o,yl<T. Then, for1/2 <0<,

N(o,T) < T2/ 4 jog T,

Lemma 13 /f xo = /loglogx,

o

I
Prob ( Z ngXp >0 for all o > 1/2) > 1/log x.

X0 <p<x

Proof. By Riemann-Stieltjes integration

log p 2. log p
Z Xp = J1 u d mep

(e}
p p<u

_ lo L lo
X120y BPx 4 (0—1/2) L wlrey” %xp du.

1/2
p<u

p<x

p<x

The result now follows upon appealing to Corollary 10.

Lemma 14

| —1/2
Prob (Z fop > 0 for all o > o‘o> > lo(;czd /]/2).
" log(0g —

P>Xo

as 09 | 1/2,00 > 1/2 + (Aloglogx)/logx for some positive constant A.

Proof. Write
log p log p - log p
PIRCLESED DS WD M DSt
P>Xo X0 <p<x =1 27— Tx<p<2x

19



For some large and positive constant cq, we have, via Kolmogorov's Inequality,

C2

Prob max X, <er?V2rx | >1-— =, 11

2 Tx<y<2rx Z Pl =" - 5 ( )
2r—Tx<p<y

Therefore, via independence,
Prob ma Xp| <cirV2rxforallr=1,2,... | > | [0—=).
ZT—‘X<1j(§ZTx Z p| = C1 x for a ,2, > H( )

2= 1x<p<y =1

The infinite product on the right-hand side of (12) is some positive constant c3,

oo 1

thanks to the convergence of } °, —.

If the event in (11) does hold, then

o

S BPx 2 ((log 2/ (27%)°), (13)

2r—Tx<p<2'x
upon summing by parts. Summing over all v > 1,
D> V2x((log27x)/(2%)°) < x*° (60 —1/2) " + (60— 1/2) Plogx) ,
=1

for o > 1/2 sufficiently close to 1/2. Thus

Sy By (0172 (0 1/2) P logx), (14)

=1 27— Tx<p<2'x

provided the event on (12) holds. Calling the quantity on the right-hand side
of (14) A(x, o), we see that A(x, 0y) < (logx)/(loglogx)? uniformly for oo >
1/2 + Aloglogx/ logx for large enough A. Now, since ZXO<DSX|og2p/p20 ~

20



% logZx as o | 1/2,x — o0, by the Central Limit Theorem and the Berry-Esseen

Inequality,

Prob (

which is in turn

¢4/ log x(log log x)3 5
< ciA(x,00) | € J e W/2du, (15)

—c4 / log x(log log x)3

>,

X0 <p<x p

1
< log x(log logx)3"

for a positive constant c4 chosen appropriately. The first quantity on the right-

1/2
hand side of (10) will be positive for all o > o with probability > IO(;OT/]/Z)
in view of Lemma 13. Combining this with (15), we obtain the result.

We are now in position to prove our main result.

Proof of Theorem 1. By Lemma 11, if s = 0 + it,

(p?) cos(t log p?)

_S)C{C_I(s) = Z Ic;gcpwx(p)cos(tlogp + Z

¢ p<x? p?<x?
1 o X—Zq—s _ X—2(2q+s)
o2 ;
logx = (29 + s)
E)C{xz( —x!s Iogp |
T (1=5)2logx Z Z ") cos(tlogp™)—
n=3 'p“<X2
] Xp_s — XZ(Q—S)
— R . 16
Iogx% (p—s)? (16)

Our strategy is the following. We decompose > _ '°gpwx(p) cos(tlogp)

p<x?

21



as

3 Pwiip)costtlogp) + 3 2 Pwifp)cositiogpl. (17

P<xo X0 <p<x?

We force the first term above to be positive, at the expense of some small
probability, and we use this term to overwhelm the effect of every other term in
the sum (16). We then calculate the measure of the set of t € [T, 2T] such that
the second term on the right-hand side above be positive for all o > 0.

To determine the proportion of t € [T, 2T] such that the quantity

log p logp
Z o Wy (p) cos(tlogp) + Z —-Wwx(p 2) cos(t log p?)

p<x? p2<x?

be positive for o > 0y, it is enough to determine the probability that

l%p l%p 2
Z;p Xp+ Y )(2X2 — 1)

pgxz 2<X2

be positive for 0 > 0. Since the weights wy(n) are decreasing, it is enough to

compute the probability that

|
>
pCT
xo <p<x?

be positive for o > 0.

We note that Prob(X,, > 3/4 for all p < x¢) = ( (1—=x2)" 12 dx)™x) >

1
f3/4

(00— 1/2)"2if 0 > 09 > 1/2 4 Aloglogx/ logx, xo = (loglogx)'/2. Thus

[
Z ngwx(p)xp > xy /(1 —00) > (loglogx)'.

o
pP<x0

22



If 0 >3/4, then 3~ ,_ ']‘C’ff\/vx(pz)(ZX]Z9 — 1) < 1. Consider the event

I
> P wi(p)(2XE —1)| > (loglogx)"”,

20 X%
pZ SXZ p

forsome 0 € [1/2,3/4]. Let 0y, = 1/2+ Iogizx’ 0<k< %‘. Then, the event

described above is contained in the event

UIS 2EPy (p2)2X2 — 1)| > (loglogx) ',

k [p2<x?

by the Mean Value Theorem. Choose y as large as possible so that } _ '°]g9p <

%(Iog log x)'/¢. Then the preceding union of events is contained in

U

Thus, for a fixed k,

Prob (

But by our choice of y, this is

log p 2 2
Z _pZ—Gka(P )(zx‘p —1)

) > (loglogx)'/®.

y<Sp<x

lo
Yy 2l pHExz-1)

y<p<x

—a3(log 173
>(|og|ogx)]/6> §exp< a3(log log ) )

log p
ZDSy P

— log | 1/3
gexp( azy(loglogx)

_ 1/6
o8y ) < exp( exp (a4(loglogx) )) <

10

log'®x
Summing over k,
log p 2 2 1/6 1
Prob (LkJ <Z< -y wy(p?)(2X2 —1)| > (log log x) < P
y<p<x

23



Thus

log p 2\ (7y2 | log p
2 e wP2X -1 <5 s Wa(P)Xs,
P2 <x? P<xo
except for a set of measure < i—5. We then deduce that the probability that
Iogp Iogp 2
pt )(2X; —1)
5 5

DSXZ Z<X2

be positive for all 0 > 0 is > (0o — 1/2)? in view of the preceding Lemma.

We observe that since p”/> < p3/2 —p/2 for p > 5,

log p log p logn
D oo < Dvroniat 2
32 _ 12 32 _ 12 7/5
P p oos P p —n
logp ° 75
< Z P2 pi2 L u logudu
p<5
25

< 1+ IF(Z) =7.25.

We choose ¢’ so that

|
Yy 2P 2
— P

1/4

We set x = (loglog T)'/* and let A be the positive constant from Lemma 14.

To all zeroes p in the rectangle
1/2+ Aloglogloglog T/ logloglogT < o < ¢/, T <t <27

make a circle centred at the zero with radius log® T, and then delete these circles
from the rectangle. Also, make a circle of radius of log T around s = 1 and

delete it.

24



EP X, being positive for all

We now show that, independent of 3 = .=

0 > 0o, the absolute values of the last four terms in (17) are no larger than

log p .
ZPSXO = X, for all 0 > 0y, on a set of positive measure.

First observe that

1 1
Lot 2w 2

[t—y|>log? T n>log? T n<t—yl<n+1

This last sum is

Z log(t+n+1)

@) 3

nzlogZ T

which is in turn

*© log T 4 logu ) ( 1 )
@) J ————du | =0|—7—|.
( (log? T)/2 u? (log T)1/2

Therefore, outside the neighbourhoods of the zeroes,

Xp_s _ XZ(P—S)

1
log x ; (p—s)?

For T sufficiently large, this can be made

X] /2—Alog log log log T/(log log log T)

1
< log x Z t—vy)2

[t—y|>log? T

1 |
<EZ c;g(rp'

P<xo
This will hold true for all o € [0y, 0'), except for a set of t € [T, 2T] of

proportion T—Aloglogloglog T/4(logloglog T) (oo T3 in view of Lemma 12.
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To treat ), Zp“<x2 8Py (p™) cos(t log p™), we note that

> 5 P pcostilogp®)| < Y

n= 3pﬂ<x2
|ogp
Y

P<x0

on a set of positive measure, for all o € (0g, 0'].

X72q757X72[2q+s)
(2q+s)?

1 00 .
To treat <R > o we observe that since o > 1/2 the

series converges absolutely, and being multiplied by 1/ logx, we will have even-

tually

o —2q—s

X —2(2g+s)

1
log x

—X
(2q + )2

|
6Z o8P

P<xo

for all 0 € (00, 0'] on a set of positive measure.

2(1=s) -5
(1—s)2 log x

1 log p
<z for all

Finally, if T is chosen large enough, p<xo PO

0 € (09, 0'], except for a set of measure (logT)/T.

Upon gathering all of the above, we achieve the result.
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